An existing technique for accurate measurement of iron in silicon, which was previously restricted to low injection and a narrow doping range, has been extended to arbitrary injection and doping levels. This allows contactless lifetime measurement techniques to be used for very sensitive and rapid iron detection under a wide range of conditions. In addition, an easily measured and unambiguous ''fingerprint'' of iron in silicon has been identified. It is based on the invariant nature of the excess carrier density at which the injection-dependent lifetime curves, measured before and after iron-boron pair dissociation, cross over. This characteristic crossover point lies in the narrow range of 1.4 to 2.0ϫ10 14 cm Ϫ3 , provided only that the boron concentration is below 5 ϫ10 16 cm Ϫ3 . To demonstrate the value of these techniques, they have been applied to photovoltaic-grade cast multicrystalline silicon wafers.
I. INTRODUCTION
The presence of interstitial iron (Fe i ) in silicon can dramatically reduce the nonequilibrium carrier lifetime, even at very low concentrations. It is therefore not surprising that the most sensitive technique available for detecting iron contamination is based on lifetime or diffusion length measurements. This widely used technique was developed by Zoth and Bergholz, 1 and utilizes the fact that the iron content of a boron-doped p-type Si wafer can be deliberately cycled between being mostly present as either Fe i , or as FeB pairs. Courtesy of their different energy levels and capture cross sections, these two forms of iron have markedly different recombination properties. This leads to significant changes in diffusion length after dissociating the FeB pairs, either by thermal annealing or optical activation.
Zoth and Bergholz showed that, by measuring the lowinjection diffusion length before (L 0 ) and after (L 1 ) pair dissociation, and assuming that all other recombination processes remain unchanged, the total iron concentration ͑cm Ϫ3 ͒ can be found by
͑1͒
The prefactor A was determined empirically to be 1.06 ϫ10 16 m 2 cm Ϫ3 for silicon wafers of dopant density 1 -3 ϫ10 15 cm Ϫ3 ͑resistivity range from 5 to 15 ⍀ cm͒. If the low-injection carrier lifetime is measured rather than the diffusion length, then the prefactor C is related to A via A ϭD n C, where D n is the minority carrier diffusion coefficient.
Equation ͑1͒ has become widely used in commercial applications for contamination control in microelectronics, as well as being an extremely useful tool for researching iron in silicon. [2] [3] [4] It is most sensitive when iron is the dominant recombination center, but is also valid when other centers are present as well provided they are not affected by the dissociation procedure. However, there are some restrictions on the use of this specific technique. Firstly, the diffusion lengths must be measured under low-injection conditions. The most reliable technique for this is the surface photovoltage method ͑SPV͒, since it operates in true low injection. However, other lifetime measurement techniques, such as microwave-detected photoconductance decay or the quasi-steady-state photoconductance ͑QSSPC͒ 5 technique, suffer from reduced sensitivity at low-injection. Equally importantly, they are also affected by minority carrier trapping artifacts at low injection. 6 Such trapping causes a large excess of majority carriers, which distorts the photoconductance, since it comprises both minority and majority carriers. Voltage-based techniques such as SPV are not affected by trapping because they detect only minority carriers. As a result of these considerations, the photoconductance-based lifetime techniques, which are widely used and otherwise more convenient than SPV, generally operate at mid to high injection. In this regime, the value of C will be different ͑often very significantly͒ than that determined for SPV measurements.
Secondly, even for low-injection SPV measurements, if the dopant density is well outside the range from 1 to 3 ϫ10 15 cm Ϫ3 , it is not entirely valid to use the prefactor found by Zoth and Bergholz. This is due to the particular properties of Fe i and FeB: the energy level of the FeB center is relatively shallow, and its impact on the low-injection lifetime therefore depends on the dopant density. On the other hand, Fe i , being a deep center, produces a low-injection lifetime that is independent of the doping level. 7 Since the prefactor C is determined by the difference of the inverse lifetimes, it must also vary with the dopant density.
In this article, we make use of the known recombination parameters of both FeB pairs and Fe i to determine the prefactor C for arbitrary dopant density and injection level. This allows the current Fe detection method to be greatly extended. As an example, the Fe concentration in solar grade multicrystalline ͑mc͒ silicon ͑1 ⍀ cm͒ is measured before and after gettering, using the QSSPC technique operating at excess carrier densities in the range from 10 14 to 10 16 cm Ϫ3 . Despite the quite strong injection dependence of the measured lifetimes in this range, the calculated Fe concentration is shown to be independent of the injection level, as indeed it should be.
An important aspect of using this technique is that the proportion of Fe present as FeB pairs must be known reasonably accurately during the measurements before and after dissociation. By comparing optical and thermal dissociation, we demonstrate that strong optical illumination ͑Ͼ0.1 W cm
Ϫ2
͒ results in almost complete ͑Ͼ99%͒ dissociation of the FeB pairs. Allowing a sample to relax in the dark for at least 24 h results in almost complete re-pairing for typical dopant densities.
In addition, a distinctive fingerprint of Fe contamination in silicon is presented. It is based on measuring the injection level at which the lifetime curves before and after FeB pair dissociation crossover ͑cr͒. The fact that such a crossover exists has been observed previously. [8] [9] [10] However, in this article, we show this crossover point is independent of the dopant density. Measuring the excess carrier density at which the crossover occurs allows fast and unambiguous identification of iron in silicon.
II. DETERMINING THE FACTOR C FOR ARBITRARY INJECTION AND DOPING
When the density of a given type of recombination center is small, it is possible to use Shockley-Read-Hall ͑SRH͒ statistics 11, 12 to model their impact on the excess carrier lifetime. Due to its relatively low solubility at typical processing temperatures, this is almost always true for iron in silicon. For p-type silicon with an acceptor concentration N A , the SRH lifetime SRH is given by
The parameters n0 and p0 are related to the electron and hole capture cross sections n and p of the recombination center, their density N, and the carrier thermal velocities v th :
The factors n 1 The robustness of the technique pioneered by Zoth and Bergholz is largely due to the use of the difference of the inverse effective lifetime before and after dissociating the FeB pairs. Hence, the term involving other processes cancels out, provided these processes are not altered by the dissociation step. In addition since Zoth and Bergholz used SPV for diffusion length measurements, they were naturally restricted to the low-injection regime, in which the lifetimes are independent of the excess carrier density.
However, in general, the value of the constant C in Eq. ͑1͒ does depend on both the dopant density and the excess carrier density. It will also depend on the precise proportion of Fe present as FeB pairs and Fe i before and after the dissociation process. In the simplest case, we may assume that 100% of the Fe is paired before dissociation and 100% interstitial afterwards, an assumption which is shown in later sections to be reasonable when strong optical dissociation is used. By using known values of the energy levels and capture cross sections, 7, 15 shown in Table I , C can be calculated directly for any dopant density or excess carrier density by substituting Eq. ͑2͒ for both Fe i and FeB into Eq. ͑1͒. In other cases, in which either association or dissociation is incomplete, the value of C can be calculated with the aid of Eq. ͑4͒.
As an example, Fig. 1 shows calculated values of 1/C as a function of ⌬n for a range of dopant densities. In these plots, complete pairing and dissociation are assumed. At very low injection conditions, the value of C is always positive ͑meaning lifetimes decrease after dissociation͒ and indepen- dent of the excess carrier concentration. This is the region in which Zoth and Bergholz's SPV technique is valid. Figure 1 shows that even when low-injection conditions prevail, the value of C does indeed vary with the dopant density. This variation becomes even greater when considering the corresponding diffusion length constant A, due to the doping dependence of D n . At injection levels greater than approximately ⌬nϭ2 ϫ10 14 cm Ϫ3 , the value of C becomes negative for all dopant densities, meaning that the lifetime increases after dissociation. It is this region, as magnified in Fig. 2 , which is of relevance for determining Fe concentrations by lifetime techniques that operate under medium to high injection.
In order to minimize the uncertainties when using this approach for Fe detection, it is desirable to measure the change in lifetime at a fixed value of ⌬n near which C does not change too rapidly. For commonly used dopant densities this corresponds to the region ⌬nϭ10 15 -10 16 cm Ϫ3 . Above this range, the presence of Auger or emitter recombination may cap the magnitude of the effective lifetime, therefore reducing sensitivity.
The detection limit of the technique will depend on the value of C, and this of course varies with injection level. The low-injection SPV technique has been shown capable of detecting Fe concentrations as low as 7ϫ10 7 cm Ϫ3 in 1-10 ⍀ cm material, 2 in which case the diffusion length changed very slightly from 1126 to 1119 m after dissociation. These measurements required a 3-mm-thick Si slab to avoid excessive rear surface recombination, and averaging of several measurements to reduce noise. Using other lifetime techniques at an injection level of 1ϫ10 15 cm Ϫ3 , and assuming excellent surface passivation capping the effective lifetime to 5000 s, the corresponding change in lifetime would be from around 4990 to 4950 s for 7ϫ10 7 cm Ϫ3 of Fe. This means a relative uncertainty of less than 1% in the lifetime measurements would be required, which would only be possible with extremely stable surface passivation and averaging. However, using mid-to high-injection measurements, Fe detection well below 10 10 cm Ϫ3 is certainly feasible. A verification of the calculated values can be obtained by comparison with the empirical value of Aϭ1.06
16 m 2 cm Ϫ3 obtained for 5-15 ⍀ cm material by Zoth and Bergholz. They used thermal dissociation, and estimated that almost 100% of the iron was paired before thermal treatment, and 70% dissociated after heating and then quenching on an Al plate. Figure 3 shows the values of A calculated from the SRH model for a range of dopant densities. Two cases are shown: the first assuming 70% dissociation as suggested by Zoth and Bergholz, and the second with 100% dissociation ͑relevant for strong optical dissociation͒. The electron diffusion coefficient D n was determined from PC1D version 5.5. 16 The equilibrium proportion present as FeB pairs before dissociation was determined for each resistivity according to the empirical relation
͑5͒
For a dopant density of N A ϭ1.0ϫ10 16 cm Ϫ3 , as is typical for photovoltaic silicon, this results in 99.99% as FeB pairs at 300 K. Even when the dopant density is as low as 1ϫ10 14 cm Ϫ3 , this value only decreases to 99%. Figure 3 shows that there is good agreement with Zoth and Bergholz's single data point, giving confidence in the methodology used here. This approach allows the correct prefactor A to be determined for SPV measurements over a large range of resistivity.
For optical dissociation, the 100:100 curve should be quite accurate, as shown in Sec. IV, assuming the postdissociation measurement is performed quickly enough to avoid re-pairing. However, the situation is more complex for thermal dissociation, since at the elevated temperatures that occur during quenching, the time constant for re-pairing may be very short, especially for more highly doped samples ͑see Sec. IV͒. Therefore, the 70% assumed by Zoth and Bergholz would most likely not hold for significantly different doping levels when using the same quenching conditions. For Table  I . The case of 100% FeB before and 100% Fe i after dissociation corresponds to strong optical dissociation, while the 100%:70% case corresponds to the thermal dissociation used by Zoth and Bergholz.
photovoltaic-grade silicon, which is usually around 1 ⍀ cm in resistivity, it is preferable to use optical dissociation to avoid these uncertainties.
III. THE FIXED CROSSOVER POINT
It should always be kept in mind that there are numerous possible explanations for an observed change in carrier lifetime after exposure to illumination. For example, the surface recombination velocity of certain types of plasma-enhanced chemical vapor deposited ͑PECVD͒ silicon nitride films is thought to be altered by the capture of light-induced carriers at so-called K-centers. 18 Another well-known example is the carrier-induced degradation associated with metastable boron-oxygen complexes in Czochralski silicon, 19 which causes a reduction in lifetime across all injection levels. The breaking of Cu-Cu pairs by illumination is also believed to reduce the lifetime. 20 It is therefore important to have an independent means of checking if any observed changes are actually due to the presence of iron.
One such method, suggested by Zoth and Bergholz, is to measure the characteristic re-pairing time as the lifetime relaxes to equilibrium conditions at RT. This approach, as discussed in Sec. IV, indeed provides convincing evidence for the presence of Fe, but has the disadvantage of being somewhat time consuming.
Courtesy of the extreme asymmetry between the electron and hole capture cross section of Fe i , it turns out that there is another robust and convenient ''fingerprint'' for Fe in silicon. For all dopant densities in Figs. 1 and 2 , there is a particular excess carrier density ⌬n cr at which the lifetime remains unchanged after dissociation. Despite the dopant density changing by more than two orders of magnitude in these figures, the value of this crossover point remains almost constant at around 1.5ϫ10 14 cm Ϫ3 . It is also possible to show that the value of this crossover point is independent of the relative populations before and after dissociation, although of course greater dissociation will allow more accurate determination of ⌬n cr . The constancy of this crossover point makes it an excellent identifier of Fe.
In order to demonstrate these useful properties, consider the conditions under which the lifetimes before and after dissociation are equal:
In this expression, the symbols N 1 , etc. represent the density of recombination centers, such that N 1 ϩN 2 ϭN 3 ϩN 4 ϭ͓Fe i ͔ϩ͓FeB͔ϭ͓Fe͔ total . The impact of other recombination mechanisms, which are not altered by the dissociation process, cancel out and are not shown. In Appendix A, it is shown that Eq. ͑6͒ is equivalent to stating that
In other words, the crossover point will be the excess carrier density at which the lifetimes due to any density N of FeB pairs equals the lifetime due to the same density of Fe i . 
͑8͒
provided that
As N A approaches the value on the right of Eq. ͑9͒, the crossover point begins to increase. However, so long as N A Ͻ5ϫ10 16 cm Ϫ3 , then ⌬n cr will remain below 2.0ϫ10 14 . For most practical purposes, therefore, the crossover point resides in the narrow range from 1.4 to 2.0ϫ10 14 cm Ϫ3 . There do exist some published values of the crossover point in the literature, 7, 8, 10 which are shown in Table II . Results from Sec. IV on photovoltaic-grade mc-silicon are also included. Together, they provide excellent support for the value just calculated from the energy levels and capture cross sections. They also confirm that it is independent of the dopant density or silicon growth technique ͑i.e., presence of other recombination centers͒.
IV. IRON IN SOLAR-GRADE mc-SILICON: AN EXAMPLE
Boron-doped multicrystalline silicon is in common use in photovoltaics, offering a reasonable compromise between economic cost and electronic quality. It often contains significant amounts of interstitial Fe, as shown in recent studies, 9 as well as other metals, 21 and so provides a suitable test for the techniques developed here. Due to its detrimental impact on lifetime, and therefore solar cell efficiency, it is also of direct interest to be able to identify Fe in such material with certainty, and to determine its concentration. Figure 4 shows injection-dependent lifetime measurements on a commercially produced, cast mc-silicon wafer with N A ϭ1.5ϫ10 16 cm Ϫ3 . Lifetimes were measured using the QSSPC technique, with the surfaces passivated by PECVD silicon nitride. 22 Measurements were taken after 24 14 cm Ϫ3 . The two wafers had previously received on one side a belt furnace phosphorus diffusion, resulting in a sheet resistivity of around 50 ⍀/square. The diffused layer, which was removed before surface passivation, provided some partial gettering of Fe and other impurities. In neighboring nongettered wafers, the presence of minority carrier trapping centers 6 obscured the lifetime measurements below approximately 2ϫ10 14 cm Ϫ3 . The use of a correction procedure for subtracting the underlying excess photoconductance caused by traps 23 allows the crossover point to be observed in such cases. However, if the trap density is much higher than 5 ϫ10 14 cm Ϫ3 , this procedure becomes too uncertain at the crossover point. In such cases, this technique cannot be used to confirm the presence of iron in silicon.
A. Identification by the crossover point

B. Identification by re-pairing kinetics
To support the assertion that the light-induced changes in the multicrystalline samples above are due to Fe, the repairing rate at RT was measured and compared with previously reported values. This approach was recently used by Ballif et al. 9 to identify Fe in cast mc-silicon. After the FeB concentration has been perturbed from its equilibrium value, either by optical or thermal dissociation, the resulting excess Fe i re-associates according to a monoexponential decay with a characteristic time assoc . This parameter is well known and depends on both the dopant density and temperature: 
͑10͒
If the lifetime is measured at a carrier density above the crossover point, this repairing will result in a gradual decrease in the lifetime. Figure 5 shows a measurement of such relaxation for a nongettered neighboring wafer of the multicrystalline sample of Fig. 4 We may now turn our attention to calculating the Fe concentration from the change in lifetime at a given excess carrier density. This requires a reasonable knowledge of what proportion of Fe is paired before and after dissociation, whether by optical or thermal means, so that an appropriate value of C can be determined.
C. Paired fraction before dissociation
We may use Eq. ͑5͒ to determine the equilibrium fraction of FeB pairs before dissociation. As discussed carlier for most dopant densities this is well above 99% at RT. However, the time required for a sample to reach equilibrium at RT depends inversely on the dopant density ͓Eq. ͑10͔͒. With N A ϭ1.0ϫ10
16 cm Ϫ3 , as is representative of the wafers used in this study, this leads to a value of 57 min at 300 K. Hence after only 5 h, the density of FeB pairs will reach 99% of its equilibrium value ͑which is 99.99% of the total Fe concentration for this dopant density͒. In this study, wafers were rested in the dark for at least 12 h before measurement, ensuring almost complete pairing. If using more lightly doped material, however, the required relaxation times at RT are much longer: 50 and 500 h for N A ϭ1.0ϫ10 15 and 1.0 ϫ10 14 cm Ϫ3 , respectively. It is also possible that the measurement process itself causes significant dissociation of FeB pairs. For SPV, this is unlikely since the illumination used to generate the photovoltage is very weak. For other mid-and high-injection techniques, much more intense illumination is generally used. The QSSPC technique, as used in this work, requires flashing the sample with a xenon lamp with an exponential decay time of 1.9 ms. The peak intensity can be varied using gray filters, and ranges between 0.01 and 25 W cm Ϫ2 . To check the extent of dissociation caused by this illumination, the multicrystalline wafer containing Fe with N A ϭ1.5ϫ10
16 cm Ϫ3 from Fig. 5 was allowed to relax fully overnight. The lifetime was measured by QSSPC with flashes of increasing intensity, and then also after steadystate illumination of 0.1 W cm Ϫ2 for increasing lengths of time. The measured lifetimes are shown in Fig. 6 as a function of the integrated absorbed energy. The results show that if the absorbed energy is kept below 0.01 J cm Ϫ2 , dissociation is avoided. This corresponds to a peak intensity of around 5 W cm Ϫ2 for our flash, a value that was not exceeded during any measurements presented in this work. It should be noted, however, that if the carrier lifetime is much larger than in the samples used here, the threshold intensity would be reduced due to the higher carrier densities, and hence greater dissociation rate, at a given illumination level.
It seems, then, that the assumption of almost complete pairing during the initial measurement is reasonable, at least in the cases presented here. The final question then is what proportion of iron is interstitial during the second measurement, after optical dissociation.
D. Paired fraction after dissociation
One approach to answering this is to compare the effects of optical and thermal dissociation. The advantage of thermal dissociation is that the fraction of FeB pairs is easily determined from Eq. ͑5͒. However, it is important to be aware of possible re-pairing during cooling. To minimize the extent of this re-pairing, we used a vertical quench in water from between two heated metal plates.
The choice of anneal temperature is important, because at higher temperatures the dissociation is more complete, but the re-pairing time is faster. The best approach is to use a relatively high temperature at which the dissociation approaches saturation. Any slight cooling before the sample hits the quench solution will then have less impact on the final interstitial proportion.
To illustrate this point, according to Eq. ͑5͒, annealing at 300°C results in 92% present as Fe i in silicon with N A ϭ1.5ϫ10
16 cm Ϫ3 . However, for this doping and temperature, the characteristic re-pairing time is only 0.02 s. This is not so important, however, because even if the sample cools relatively slowly to 280°C before quenching, the proportion as Fe i is still 89%.
By contrast, at 200 and 180°C, the equilibrium proportions as Fe i are 44% and 22%, respectively, meaning a much more significant loss of Fe i is possible if the quenching is not perfect.
The results of such annealing at 300°C are shown in Fig.  5 for the nongettered mc-Si sample with N A ϭ1.5 ϫ10 16 cm Ϫ3 . By assuming the initial Fe i proportion to be 92% for the thermal dissociation case, the proportion of Fe i in the case of optical dissociation ͑5 min of 0.1 W cm Ϫ2 white light͒ for the same sample is found to be, using Eq. ͑4͒, within 1% of 100%.
We can now be confident that, under the optical dissociation conditions used in these experiments, almost 100% of the Fe is paired during the first measurement, and 100% interstitial afterwards. The appropriate value of C can then be found for a given dopant density and excess carrier density, and finally, ͓Fe͔ total can be calculated.
E. Determination of Fe concentration
In practice, it should only be necessary to measure the change in lifetime at a single value of ⌬n. In order to check the reliability of the technique however, we have calculated C and then ͓Fe͔ total at each value of ⌬n for the partially gettered sample in Fig. 4 , as well as for a neighboring wafer that was not gettered. The results are shown in Fig. 7 . The uncertainties in ͓Fe͔ total have been calculated by assuming a 10% uncertainty in each lifetime measurement. If the difference between the two lifetimes at a given injection level is small, the resulting uncertainty in ͓Fe͔ total is increased. Naturally, this occurs for data near the crossover point. Nevertheless, the calculated value of ͓Fe͔ total is, as it should be, independent of ⌬n within the uncertainty limits. The range of ⌬n is smaller for the nongettered sample due to trapping effects obscuring the data at lower injection levels.
The concentrations of Fe for the gettered and nongettered wafers were determined to be 3ϫ10 11 and 9 ϫ10 11 cm Ϫ3 , respectively. This reduction in Fe is not as large as might be hoped for when using phosphorus gettering. It may be that the gettering step is too short to allow complete gettering from deep within the wafer. Alternatively, the slow dissolution of precipitates in the wafer bulk may act as a constant source of interstitial Fe, maintaining a certain background level despite the ongoing gettering action.
It should be emphasized that the calculated Fe concentrations in fact represent a form of area-averaged values, because the QSSPC method involves measuring a few square centimeters simultaneously, which almost always contains several grains. It is therefore likely that, in reality, the lifetime varies somewhat within this area, as may the ''background'' lifetime other ͓in Eq. ͑4͔͒. These variations can cause distortions in the determination of ͓Fe͔ total , since the QSSPC technique gives extra weight to highphotoconductance regions. For example, if 50% of the grains have other ϭ10 s and 50% have other ϭ100 s, but both contain ͓Fe͔ total ϭ5ϫ10 11 cm Ϫ3 , the resulting iron concentration will be overestimated by approximately 40%. However, if the intergrain variations are not large, or the area of poor grains is small, as was the case in the regions chosen in this study, these effects will be relatively unimportant.
A more precise mapping of ͓Fe͔ total would be possible by using a technique such as carrier density imaging. 24 This steady-state technique obtains a high-resolution map of ⌬n values, and therefore eff , across a sample at a fixed generation rate. If the lifetime at a given position on the wafer changes during dissociation, and the same generation rate is used for both measurements, the resulting ⌬n values will be different. By contrast, when using the QSSPC technique, which sweeps across a range of generation rates, the lifetimes before and after dissociation can be measured at the same average ⌬n value ͑although, of course, this will vary somewhat between grains͒. Using a fixed generation technique would therefore require a slight modification in the calculation of C. Since the iron concentration and lifetime may also vary laterally across a sample, such a modified C value should, in principle, be calculated for every point.
Other differential lifetime mapping techniques, such as microwave-detected photoconductance decay, may not be as well suited for this approach to Fe mapping. This is because they do not directly measure the value of ⌬n, but can only infer it from the measured lifetime value by assuming the lifetime is injection independent. 25 This may especially cause problems when measuring the lifetime after dissociation, since then the injection dependence is quite pronounced.
V. CONCLUSIONS
Existing procedures for measuring Fe concentrations using low-injection SPV diffusion length measurements on 5-15 ⍀ cm Si have been extended to include arbitrary doping, as well as mid-and high-injection lifetime measurements. This allows the use of fast, contactless lifetime techniques for very sensitive measurement of Fe concentrations on any crystalline silicon material. This extended technique is slightly more complex than the SPV approach, since the prefactor for determining ͓Fe͔ total changes with the injection level, which may, of course, vary across a sample due to changing levels of Fe.
In addition, a characteristic fingerprint of Fe contamination has been presented. The crossover point between the lifetime curves before and after dissociation always occurs in the range from 1.4 to 2.0ϫ10 14 cm Ϫ3 for any doping density below 5ϫ10 16 cm Ϫ3 . This provides a fast and convenient diagnostic tool for Fe contamination.
APPENDIX A
The condition for the lifetime to be equal before and after dissociation is
The parameters N 1 , etc. represent the density of recombination centers, so that N 1 ϩN 2 ϭN 3 ϩN 4 ϭ͓Fe͔ total .
From the linear nature of the SRH model, lifetimes caused by different concentrations of the same recombination center are related by
Using this fact, we may then re-write Eq. ͑A1͒, after some rearranging, as
Making use of the fact that N 4 ϪN 2 ϭN 1 ϪN 3 , and then applying an analog of Eq. ͑A2͒, this reduces to the desired result:
This result is quite general, and would also apply to other impurities that undergo some type of change of state that leads to a crossover in the injection dependent lifetime curves. It should be noted, however, that some pairs of metastable impurities ͑for e.g., CrB and Cr i ), do not exhibit such a crossover, at least for some dopant densities. 8 For such sets of energy levels and cross sections, there exists no value of ⌬n that satisfies Eq. ͑A4͒.
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